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Abstract
Decoherence describes the tendency of quantum sub-systems to dynamically lose their quan-
tum character. This happens when the quantum sub-system of interest interacts and becomes
entangled with an environment that is traced out. For ordinary macroscopic systems, electro-
magnetic and other interactions cause rapid decoherence. However, dark matter (DM) may have
the unique possibility of exhibiting naturally prolonged macroscopic quantum properties due to
its weak coupling to its environment, particularly if it only interacts gravitationally. In this
work, we compute the rate of decoherence for light DM in the galaxy, where a local density has
its mass, size, and location in a quantum superposition. The decoherence is via the gravitational
interaction of the DM overdensity with its environment, provided by ordinary matter. We focus
on relatively robust configurations: DM perturbations that involve an overdensity followed by
an underdensity, with no monopole, such that it is only observable at relatively close distances.
We use non-relativistic scattering theory with a Newtonian potential generated by the overden-
sity to determine how a probe particle scatters off of it and thereby becomes entangled. As an
application, we consider light scalar DM, including axions. In the galactic halo, we use diffuse
hydrogen as the environment, while near the earth, we use air as the environment. For an
overdensity whose size is the typical DM de Broglie wavelength, we find that the decoherence
rate in the halo is higher than the present Hubble rate for DM masses ma . 5 × 10−7 eV and
in earth based experiments it is higher than the classical field coherence rate for ma . 10−6 eV.
When spreading of the states occurs, the rates can become much faster, as we quantify. Also,
we establish that DM BECs decohere very rapidly and so are very well described by classical
field theory.
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1 Introduction
Quantum mechanics allows for the continual generation of macroscopic superpositions of states.
These are sometimes referred to as “Schro¨dinger-cat” states. However, under ordinary circum-
stances in the everyday world, one does not typically see such macroscopic superpositions. The
reason for this has been well established to be due to (i) entanglement and (ii) course graining,
as follows: Entanglement inevitably occurs when particles in the environment interact with the
Schro¨dinger-cat state; then, by not tracking the environment carefully and focusing only on the
sub-system of interest (i.e., coarse graining one’s point of view), the quantum coherence becomes
effectively destroyed (for early work, see Refs. [1–3]). This is the well known phenomena of deco-
herence. Here, we use the word coherent to refer to the full pure quantum mechanical state which
evolves unitarily through the Schro¨dinger equation. Thus, decoherence is the process which con-
verts the sub-system of interest into an effective “mixed state.” In this case, the various observable
states that made up the reduced superposition are related only by classical probabilities, and thus
truly quantum mechanical phenomena, like interference, are not directly observed.
For most familiar macroscopic systems, decoherence occurs very rapidly through ordinary in-
teractions, such as electromagnetic interactions. Typical macroscopic quantum systems readily
interact with their surrounding environment, such as air, radiation, etc., which effectively makes a
“measurement” on the sub-system of interest. Since the role of the environment is often played by
a huge number of surrounding degrees of freedom, the subsequent decoherence is usually extremely
fast, often in a tiny fraction of a second.
Given this situation, one may wonder if there are any interesting systems that may be robust
against decoherence and thereby maintain their quantum properties for long times. In this work
we shall take our system of interest to be dark matter (DM), which comprises most of the mass
in the universe. DM is most likely built out of particles beyond the Standard Model (SM). So
far, its direct detection has eluded all current experiments. Therefore, we know that DM (unless
it is made out of extremely heavy particles) has at most very weak interactions with known SM
particles. In fact, it is entirely possible that DM has no interactions at all with the SM (other than
through highly suppressed higher dimension operators), and furthermore, it may have extremely
suppressed or no interactions with itself and any other particles (beyond the SM). In this situation,
a Schro¨dinger-cat-like state of DM would appear to be entirely robust against decoherence from an
environment if there is nothing to appreciably interact with.
The obvious exception is gravity, which couples to any source of energy and momentum and
thus is coupled to the DM with the exact same strength G as all particles. As a result, a macro-
scopic quantum superposition of DM may primarily experience decoherence through gravitational
interactions. But importantly, since gravitation is ordinarily so weak, the rate of decoherence may
be so slow that DM may maintain its quantum coherence for very long timescales. There has been
much work done on decoherence in the context of gravitation and cosmology; see Refs. [4–36]. The
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goal of this work is to explore the rate of decoherence of over/under densities of DM in the galaxy,
which have organized into macroscopic superpositions of different mass density distributions. Since
gravity itself is a non-linear interaction, it is plausible that such quantum states emerge, as the
wave function tends to spread from its initial state. This is especially appreciable whenever the
system exhibits some form of chaos (e.g., see Ref. [37]).
Our primary motivation is very light bosonic DM, especially axions. Since DM is non-relativistic,
such particles have a very large de Broglie wavelength λ = 2pi~/(mava). Plausible values of axion
masses, including the QCD axions, string theory axions, and axion-like particles, span anywhere
from ultra-light axions ma ∼ 10−21 eV/c2 to upwards of ma ∼ 10−3 eV/c2, or so. This corresponds
to de Broglie wavelengths spanning ∼ 100 pc to downwards of ∼meters. So unlike typical de Broglie
wavelengths associated with familiar particles, like electrons or protons, the corresponding scales
for light DM can be macroscopically large. Furthermore, DM in the galaxy will virialize, leading to
a large spread in velocities va. This means that regular diffuse DM in the galaxy is expected to have
O(1) fluctuations in mass density on the scale of these large de Broglie wavelengths. Furthermore,
we will also discuss more compact DM structures, namely boson stars, which arise in some contexts
and are very massive configurations of condensed bosons.
This by itself does not make it a Schro¨dinger-cat-like state. In fact, these states are often
thought to be well described by classical field theory, as they correspond to states of extremely high
occupancy numbers (e.g., see [38, 39]). Nevertheless, the interesting point is that the structures
are macroscopically large. So if they evolve into quantum superpositions of distinct classical field
configurations (and as we mentioned above, chaotic systems tend to this readily), then we would
have macroscopically large Schro¨dinger-cat states in the galaxy. The observational consequences
are unclear, since even some Schro¨dinger-cat states can be mimicked by classical ensemble averaging
[40]. But the very persistence of such states is intrinsically interesting and is our focus here.
We will refer to this configuration as a dark-matter-Schro¨dinger-cat-state (DMSCS). Our pri-
mary goal is to determine the timescale for decoherence of a DMSCS from the environment of
regular matter. We apply these results both to DM in the galactic halo as well as to DM near the
surface of the earth where many ongoing experiments are performed.
Our paper is organized as follows: In Section 2, we present the basic formalism to analyze de-
coherence. In Section 3, we perform a non-relativistic quantum scattering calculation and compute
general formulae for the decoherence rate. In Section 4, we apply these results to (axion) DM and
find quantitative results for the decoherence rate. In Section 5, we discuss our results. Finally, in
Appendix A, we provide some additional details.
2 Decoherence Formalism
In this work we are interested in quantum systems that are in macroscopic quantum superpositions.
We will imagine that the DM organizes into such a state. In fact, significant spreading of the wave
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function is so ubiquitous that in many cases this is inevitable given that the DM has been in
existence for billions of years. We will not delve into the details of the formation of such a state,
but we just note that it is plausible that it will emerge in some settings. The question of interest
is whether such a Schro¨dinger-cat-like state can continue to persist when there is inevitably an
environment of some form that it will interact with. In this section, we will lay out the basic
formalism for the study of quantum decoherence from gravitation and in later sections we will
apply this to DM and determine the decoherence rates quantitatively.
2.1 Entanglement
We will consider a DMSCS, that is a superposition of two distinct observable macroscopic states.
Although we will focus on only two states, the extension to an arbitrary number of distinct states
is straightforward. These states will be assumed to be distinct mass distributions. We will denote
the initial state ket for this as |DM〉. The two observable states will be denoted by |DM1〉 and
|DM2〉, and its initial state is the superposition
|DM〉 = |DM1〉+ |DM2〉 (2.1)
When this DMSCS interacts with its environment, then this sub-system and the environment
will co-evolve into an entangled state, one in which the state of the environment would depend on
the states in the superposition, and thus the environment would also be in a superposition. We
can denote the state of the environment as |ψ〉 and the state of the composite system as |Ψ〉. The
initial (|Ψini〉) and final (|Ψfin〉) states of the composite system are given by
|Ψini〉 = (|DM1〉+ |DM2〉) |ψ〉 , |Ψfin〉 = |DM1〉 |ψ1〉+ |DM2〉 |ψ2〉 (2.2)
where |ψ1〉 is the state of the environment after interacting with |DM1〉, |ψ2〉 is the same for |DM2〉.
We ignore the backreaction of the probe particle on the DM; this will be an excellent approximation
for the cases of interest, since the DMSCS will be much heavier than the probe particle, which will
typically be an elementary particle, atom or molecule (see ahead to Eq. (4.22)). Figure 1 gives a
schematic of this entanglement process, where the role of the environment is played by a probe
particle that passes through the DMSCS.
2.2 Density Matrix
Given a complete description of the state of the system, a more intuitive description of the proba-
bilities associated with measurement outcomes is given by the density matrix ρˆ. For a pure state
it is defined as
ρˆ ≡ |Ψ〉 〈Ψ| (2.3)
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Figure 1: A probe particle (wave packet of wavenumber k, width d) in a quantum state |ψ〉 ap-
proaches a dark-matter-Schro¨dinger-cat-state (DMSCS). The parts of the superposition may be a
random perturbation about some background DM density, which takes the form of an overdensity
surrounded by an underdensity, whose integrated mass is zero. As a result, the probe particle is not
subject to a significant gravitational interaction until close approach. The DMSCS is a quantum
superposition of two different mass distributions |DM1〉+ |DM2〉, as indicated by the blue and red
configurations; the distributions can differ in mass M1,2, size 1/µ1,2, and center of mass location
L1,2. As the probe particle passes by, the gravitational interaction causes it to also evolve into a
quantum superposition of states |ψ1〉 and |ψ2〉, and thus it becomes entangled with the DM; see
Eq. (2.2).
For the combined description of the DM and its environment after interacting, the density matrix
is given by
ρˆ =
(
|DM1〉 |ψ1〉+ |DM2〉 |ψ2〉
)(
〈DM1| 〈ψ1|+ 〈DM2| 〈ψ2|
)
(2.4)
Typically, the environment is made up of an extremely large number of particles and in practice
this is far too many to keep track of in any detail. Thus, the statistical arrangement of the DM is
effectively described by the so-called reduced density matrix, where the degrees of freedom of the
environment have been traced out. This corresponds to “ignoring” those degrees of freedom and
only ever keeping track of the states of the DM. This reduced density matrix is given by
ρˆred = Tr|ψ〉[ρˆ] = |DM1〉 〈DM1|+〈ψ2|ψ1〉 |DM1〉 〈DM2|+〈ψ1|ψ2〉 |DM2〉 〈DM1|+|DM2〉 〈DM2| (2.5)
The components that mix |DM1〉 and |DM2〉 will be referred to as the “off-diagonal” elements of
the density matrix, since they would be off-diagonal when expressing the matrix in terms of the
generalized basis vectors {|DM1〉 , |DM2〉}. These elements of the density matrix correspond to the
interference phenomena which are unique to Schro¨dinger-cat-like superpositions. The existence of
these components can be taken as an indication that the system is behaving as a coherent quantum
mechanical system. If the off-diagonal components were to vanish, then all that is left is a classical
probability distribution for making a measurement of the system with no interference phenomena.
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So it is the off-diagonal components, which we denote
Q ≡ 〈ψ1|ψ2〉 (2.6)
that are a measure of the residual quantumness in the reduced system.
2.3 Perturbative Expansion
The DM in the galaxy experiences interactions with nearby SM particles through gravity. Thus, if
a region of DM is in a macroscopic superposition of two different density profiles, the nearby SM
particles have a chance to decohere this state. In order to compute the rate of decoherence, we will
describe the interaction through the scattering of a probe particle off of the DM. Since the particles
involved are assumed to be non-relativistic, the interaction will be described by Newtonian gravity.
Once we determine the scattering solution of a probe particle near the DMSCS, we can compute
the relevant overlaps of wave functions (the quantity Q) and compute the rate of decoherence.
We will refer to the un-scattered incoming state of the probe particle as |u〉. As the particle
nears the DM overdensity, it will start to be perturbed such that the state will evolve into
|ψ〉 = |u〉+ |s〉 (2.7)
where |s〉 is a piece from scattering. Since the resultant state evolves through the unitary time-
evolution of the Schro¨dinger equation, the normalization of the state must be preserved. Thus we
need
〈ψ|ψ〉 = 〈u|u〉+ 〈u|s〉+ 〈s|u〉+ 〈s|s〉 = 1 (2.8)
Since the initial state should also be normalized 〈u|u〉 = 1, this requires
<[〈u|s〉] = −1
2
〈s|s〉 (2.9)
We will consider a potential which is weak enough to be treated perturbatively in the usual
scattering formalism. Thus we can expand the scattered correction |s〉 in powers of a parameter, λ,
which is used to keep track of the order at which the potential appears (in our case, we can think of
expanding in powers of Newton’s gravitational constant G), although we will ultimately set λ = 1
as it is just an expansion tool. The scattering term is expanded as
|s〉 = λ
∣∣∣s(1)〉+ λ2 ∣∣∣s(2)〉+ . . . (2.10)
We can then use Eq. (2.9) self-consistently order by order in the expansion, which implies
<
[ 〈
u
∣∣∣s(1)〉 ] = 0, <[ 〈u∣∣∣s(2)〉 ] = −1
2
〈
s(1)
∣∣∣s(1)〉 (2.11)
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We can apply this to each piece of the probe particle’s induced superposition |ψ1〉 and |ψ2〉. We
find that the overlap to second order is
〈ψ1|ψ2〉 = 1− i λ
(
=
[ 〈
u
∣∣∣s(1)1 〉 ]−=[ 〈u∣∣∣s(1)2 〉 ])+ λ2(〈s(1)1 ∣∣∣s(1)2 〉
− 1
2
{〈
s
(1)
1
∣∣∣s(1)1 〉+ 〈s(1)2 ∣∣∣s(1)2 〉}− i=[ 〈u∣∣∣s(2)1 〉 ]+ i=[ 〈u∣∣∣s(2)2 〉 ])+ . . . (2.12)
Hence in order to work to O(λ2), it naively appears as though we need to work to second order in
the scattering, since
∣∣∣s(2)1 〉 and ∣∣∣s(2)2 〉 appear on the second line.
However, in order to describe decoherence, we are only interested in the magnitude of the
overlap, not its overall phase. We can parameterize the deviation by ∆, defined by
| 〈ψ1|ψ2〉 |2 = 1− 2∆ (2.13)
By taking the absolute square of Eq. (2.12), we readily obtain
∆ =
λ2
2
(〈
s
(1)
1
∣∣∣s(1)1 〉+ 〈s(1)2 ∣∣∣s(1)2 〉− 2<[ 〈s(1)1 ∣∣∣s(1)2 〉 ])
− λ
2
2
(
=
[ 〈
u
∣∣∣s(1)1 〉 ]−=[ 〈u∣∣∣s(1)2 〉 ])2 + . . . (2.14)
Therefore, to calculate the correction from unity up to order λ2, it is only necessary to calculate
the correction |s〉 up to order λ. The imaginary part of the second-order correction
〈
u
∣∣∣s(2)i 〉 to
〈ψ1|ψ2〉 does not contribute at this order to ∆, and the real part of the second-order correction
has been re-written in terms of the first order correction. From this expression, we simply take
a square root to give the absolute value of the wave function overlap. Thus, we will be able to
compute the magnitude of the overlap to second order in perturbation theory while employing only
the first-order Born approximated solution in the scattering formalism.
2.4 Decoherence Rate
In our set-up, the overlap between the two scattered wave functions will be close to one, i.e., ∆ 1.
We can then write
| 〈ψ1|ψ2〉 | =
√
1− 2∆ ≈ 1−∆ (2.15)
Since ∆ will typically be small, it will typically take many scattering events for the off-diagonal
elements of the density matrix to go towards zero. For N such independent events, the overlap of
|ψ1〉 and |ψ2〉 will decrease the off-diagonal elements of the density matrix N times through the
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product
Q =
N∏
n=1
| 〈ψ1|ψ2〉 |n (2.16)
For a fixed quantum superposition of the target, the overlap | 〈ψ1|ψ2〉 |n will depend on the impact
parameter b; where for small b, one expects a relatively big effect, while for large b, we expect a
small effect. To be explicit, we can denote our correction to the overlap with a b-subscript as ∆b.
As we shall see, ∆b will typically be extremely small (see ahead to Figure 2), so we can estimate
Q =
N∏
n=1
(1−∆b) ∼ exp
(
−
N∑
n=1
∆b
)
(2.17)
The rate at which the off-diagonal elements of the density matrix go to zero, and hence the system
is decohering, is determined by the derivative of the argument of the exponent of Q
Γdec = − d
dt
lnQ ≈ d
dt
N∑
n=1
∆b (2.18)
We will assume that the probe particles are moving isotropically and have uniform number
density n and so they have a uniform distribution of impact parameters. If the particles are
moving with a common velocity v, then the rate is given by
Γdec = n v
∫
d2b∆b (2.19)
The corresponding decoherence time tdec can be defined as the time it takes the off-diagonal
elements to be reduced by a factor of e. This is the solution to∫ tdec
0
dt′ Γdec(t′) = 1 (2.20)
In general the instantaneous decoherence rate Γdec can itself be a function of time; for example, if
the local number density of probe particles changes or if the state evolves. We will return to this
possibility later, as it can be especially important for a DMSCS that passes by the earth or if its
width spreads. On the other hand, if the decoherence rate is constant, then the decoherence time
is tdec = 1/Γdec. The basic goal for the remainder of the paper is to compute these rates for DM.
3 Scattering Theory
To discuss the scattering of a probe particle off of an overdense region of DM, which sets up
a potential energy function V (x), we employ the non-relativistic quantum mechanical scattering
theory. The Lippman-Schwinger equation gives the solution for the scattered wave function. We
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first solve the Lippman-Schwinger equation for a plane wave, and then the plane wave solution is
used to construct a Gaussian wave packet (useful literature sources include Refs. [52–56]). We will
first analyze the system under the simplifying assumption of a large wave packet, and then we will
perform a more general analysis.
The Lippman-Schwinger solution is written as an unscattered plane wave plus an outgoing
scattered wave. At radii r = |x| much larger than the characteristic scale of the potential, which
we shall denote 1/µ, the (un-normalized) plane wave solution’s form is well known to be
ψk(x) = e
ik·x + f(k′,k)
eikr
r
(3.1)
Here f(k′,k) is the scattering amplitude, k is the wave vector for the incoming plane wave, and k′
is a vector of magnitude |k′| = |k| and points in the direction of interest k ‖ x. As described in the
previous section, our interest is a scattering target that is in a superposition of two states. This
means there are in fact two forms of f , associated with two forms of V , which we will later denote
fi, (i = 1, 2). But we will suppress the index i for now and only use it later when we explicitly
form the overlap of the two states |ψ1〉, |ψ2〉.
As described in the previous section, we will only need the scattered solution to first order in
perturbation theory. But for the sake of completeness, we know that the general solution is defined
recursively by
f(k′,k) = − m
2pi~2
∫
d3x′ e−ik
′·x′V (x′)ψk(x′) (3.2)
where to first order we simply replace ψk(x
′)→ eik·x′ in the integrand.
3.1 Gaussian Wave Packet
We would like to now build a wave-packet and properly describe its time evolution, from an initial
state far away from the overdensity, evolving through the overdensity, and then to late times where
it is once again far away. For convenience we will consider a Gaussian wave-packet. However, as
we will see, our results will not be sensitive to this choice.
Suppose at some early initial time te the probe particle is a Gaussian of spatial width ∆x = d,
centered at x = ~k t/m, with a central momentum ~k and width ∆k = 1/2d. We also assume the
particle is heading towards the DM overdensity with impact parameter b that should be orthogonal
to the central momentum b · k = 0. The magnitude of the momentum distribution is therefore
|ψk(q)| =
(
8pid2
)3/4
e−(q−k)
2d2 (3.3)
with phase that depends on the impact parameter. Taking the Fourier transform and evaluating
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at the time te, we have
ψ(x, te) = ψu(x, te) =
(
8pid2
)3/4∫ d3q
(2pi)3
eiq·xe−iEqte/~e−(q−k)
2d2e−iq·b (3.4)
where the energy of each plane wave component is Eq =
~2q2
2m . Then using Eq 3.1, the solution that
incorporates scattering to first order in the potential at some later time t is
ψ(x, t) = ψu(x, t) + ψs(x, t) (3.5)
where ψu(x, t) is simply the unscattered part, which is given by Eq. (3.4) with te → t. While
ψs(x, t) is the scattered part, given by
ψs(x, t) =
(
8pid2
)3/4∫ d3q
(2pi)3
f(q′,q)
eiqr
r
e−iEqt/~e−(q−k)
2d2e−iq·b (3.6)
In Section 3.5 we will analyze this in full generality. But for now, it is useful to analyze this
with the following simplifying approximations: we assume that the size of the wave packet is much
larger than any other scales in the problem and that the superposition states have a similar center
of mass
(i) d 1/k, (ii) d 1/µ, (iii) d b, (iv) 1/µ L (3.7)
The first condition (i) ensures that the probe particle’s wave packet is very narrow in momentum
space, so that the spread in momenta is much smaller than the central momenta ∆k = 1/2d k.
This is a very reasonable and realistic assumption, and is ultimately an assumption we will focus
on for most of the paper (although we will be able to build a result that does not rely on this in
the next section). The second condition (ii) means that the size of the probe particle’s wave packet
is larger than the size of the overdensity. This is an unrealistic assumption for probe particles
in the atmosphere, whose size is microscopic, while it may be possible for probe particles in the
galactic halo, whose wave packets can spread a lot. Nevertheless condition (ii) is useful for gaining
an intuitive understanding of the behavior; in the next section we will relax this assumption,
and derive a result that does not rely on (ii) at all. The third condition (iii) will ultimately be
eliminated by including corrections from non-zero impact parameter b when we put together the
full rate. The fourth condition (iv) is that the distance between the center of mass of the two
objects L = |L1 − L2| (which is only relevant when we form the overlap) is small. However, its
effects will be fully incorporated in Section 3.5.
In this regime, the scattered term’s integrand is strongly peaked at q = k due to the∼ e−(q−k)2d2
factor, and f is slowly varying in this regime (under assumption (ii)). So we may evaluate the
scattering amplitude f at the value q → k, q′ → k′ and bring it outside of the integral. Then by
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operating at small impact parameter for the time being, we have
ψs(x, t) ≈
(
8pid2
)3/4
f(k′,k)
∫
d3q
(2pi)3
eiqr
r
e−iEqt/~e−(q−k)
2d2 (3.8)
The integrals over q can be computed explicitly, giving the total solution
ψ(x, t) =
(
8pid2
)3/4( pi
d2 + i~t/2m
)3/2
e−k
2d2
[
e
−x2−4ik·xd2−4k2d4
4(d2+i~t/2m) + f(k′,k)
ϕs(r, t)
r
]
(3.9)
where ϕs(r, t) is a dimensionless function defined in Appendix A.1. Its asymptotic values at early
and late times are
Early times: ϕs(r, t) → 0 (and |〈ψ1|ψ2〉|2 → 1) (3.10)
Late times: ϕs(r, t) → 2d
2k + ir
2d2k
e
m(2d2k+ir)
2
4d2m+2i~t (and |〈ψ1|ψ2〉|2 → 1− 2∆) (3.11)
At early times (t large and negative) ϕs → 0 exponentially fast, ensuring that the wave function is
just a free Gaussian wave packet. On the other hand, at late times, once the wave packet has fully
passed the origin (t  d/v = md/(~k)), then Erf(...) → 1 and Erfc(...) → 0 (see Appendix A.1),
and ϕs organizes into the above form. By taking the absolute value of the wave function squared,
it is simple to check that the unscattered part ψu(x, t) = 〈x|u〉 is peaked at x = ~k t/m, while the
scattered part ψs(x, t) = 〈x|s〉 is peaked at |x| = r = ~ k t/m.
3.2 Gravitational Scattering
We imagine now that the probe particle is scattering off of a DMSCS which is a small overdensity
surrounded by a small underdensity in the dark matter in the galaxy. The total DM density can
be written
ρi(x) = ρ0(x) + δρi(x) (3.12)
where ρ0(x) is some (background) value that is common to each member of the superposition and
will not be of importance to us as we are only interested in the final differences in wave functions.
Of importance to us is δρi(r) (i = 1, 2), which is a perturbation that differs between the 2 parts of
the wave function; this gives rise to the macroscopic superposition. We will focus our attention on
perturbations that do not carry any monopole, i.e.,∫
d3x δρi(x) = 0 (3.13)
So at large distances, this fluctuation is unnoticeable. But at closer approaches, a probe particle
(such as a proton) feels a local Newtonian gravitational potential and has a non-zero probability
to be scattered. One might think that this is a contrived setup. However, to the contrary, these
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are precisely the forms of superpositions that would be the most robust against decoherence. If the
monopole itself was in a superposition, then it would be even more readily decohered by distant
probes, thus leaving this type of residual perturbation left over in a superposition.
We parameterize the mass distribution of the DMSCS by two primary quantities: (i) a character-
istic mass scale M (while the distribution may integrate to zero mass, this will be the characteristic
positive mass of the overdensity, which is cancelled by an equal and opposite underdensity) and
(ii) characteristic width 1/µ (and later we will refer to a distance between the centers of mass of
the states). The specific form is written as (we will again suppress the index i and reinstate later
as needed)
δρ(x) ≡M µ3 ζ(µr) (3.14)
where ζ(µ r) is a dimensionless function which captures the spatial dependence of the mass density
in terms of the dimensionless variable µ r. Furthermore, we will also assume this perturbed density
profile is spherically symmetric. This means that not only is there no monopole, but it has no higher
order multipole moments either. Again this is likely to be the most robust form of perturbation
against decoherence.
This density profile is related to the Newtonian gravitational potential ΦN by the Poisson
equation
∇2ΦN (r) = 4piGδρ = 4piGM µ3 ζ(µr) (3.15)
where G is Newton’s gravitational constant and the scattering potential energy is
V (r) = mΦN (r) (3.16)
with m the mass of the probe particle.
We have checked that for the parameters of interest here, the perturbative analysis is valid; see
ahead to Figure 2. In particular, we will be considering such weak gravitational sources that the
classical deflection of a typical probe particle ∆θclass ∼ GMµ/v2 is extremely small.
So to compute the scattering amplitude based on this potential, we can employ the Born
approximation by computing f(k′,k) as a series in powers of an appropriate expansion parameter,
which can be taken to be G. The term that is first order in G is found by taking the wave function
on the right hand side of Eq. (3.2) to be the incoming plane wave solution.
f (1)(k′,k) = − m
2
2pi~2
∫
d3x′ei(k−k
′)·x′ΦN (x′) (3.17)
Eq. (3.17) is directly related to the Fourier transform of the potential with respect to the transfer
momentum
ptr ≡ k− k′ (3.18)
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Thus, we can define the first order scattering amplitude in terms of the Fourier transform of ζ(µr).
The Fourier transform can be written in terms of the usual spatial and wavenumber coordinates.
However we will find it especially useful to switch to dimensionless coordinates (labelled with a hat
on top) defined by scaling out the characteristic scale in the distribution µ as follows
xˆ ≡ µx, pˆ ≡ ptr
µ
(3.19)
We then define a Fourier transform of some function F with respect to these dimensionless variables
as
Fˆ (pˆ) ≡
∫
d3xˆ F (xˆ) eipˆ·xˆ (3.20)
Taking the (dimensionless) Fourier transform of Eq. (3.15) gives
− µ2 pˆ2 ΦˆN (pˆ) = 4piGM ζˆ(pˆ) (3.21)
where we have used the spherical symmetry to indicate that the Fourier transforms are only a
function of the magnitude of the wavevector pˆ. This can be written as
pˆ = |pˆ| = 2k
µ
sin(θ/2) (3.22)
where we have taken the wavevector of the scattered wave to have the same magnitude as the
incoming wave, |k′| = |k| ≡ k, and defined θ to be the angle between k and k′.
Inserting Eq. (3.21) into Eq. (3.17), the scattering amplitude at first order can be written as
f (1)(k′,k) = f(k, θ) =
2GMm2
~2 µ2 pˆ2
ζˆ(pˆ) (3.23)
where in the first equality we have indicated that for a spherically symmetric potential, the scat-
tering amplitude has azimuthal symmetry, and thus the first order amplitude is only a function of
θ for a given k.
3.3 Wave Function Overlap
We consider now a DMSCS that is a superposition of two different density distributions. We define
for each sub-state a mass scale M1,2, a characteristic size 1/µ1,2, and a center of mass location L1,2.
Thus, a pair of wave functions may be defined, corresponding to a probe particle being scattered
by each of the two distributions; we refer to this pair as |ψ1〉 and |ψ2〉. As described in Section
2, the particle is then entangled with the DM. Our goal now is to compute the overlap of the two
wave functions
〈ψ1|ψ2〉 ≡
∫
d3xψ∗1(x)ψ2(x) (3.24)
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which controls the rate of decoherence from tracing out this degree of freedom.
We are interested in the value at late times after the scattering has taken place. Physically,
this is like “measuring” the state of the DM by the scattered particle. The overlap of the two wave
functions scattered off of the potentials will tend to a constant in time. This is a result of the
potentials being short ranged and the unitarity of time evolution, which ensures that 〈ψ1|ψ2〉 is
time independent when the states evolve under the same (free) Hamiltonian at late times.
The various pieces of the overlaps may be written up to integrals in the angle θ from the k axis.
For the leading order overlap between scattered and un-scattered, we find
〈u|si〉 = i k
pi
∫
d2Ω e−4k
2d2 sin2(θ/2)fi(k, θ) (3.25)
with index i = 1, 2, while for the leading overlap between scattered and scattered, we find
〈si|sj〉 = σij(k)
2pi d2
(3.26)
with indices i = 1, 2 and j = 1, 2, where we have introduced a 2 × 2 matrix of generalized cross
sections σij defined as
σij(k) ≡
∫
d2Ω f∗i (k, θ)fj(k, θ) (3.27)
Here the diagonal elements σ11 and σ22 are standard cross sections, while the off-diagonal elements
are of a truly quantum character, associated with the overlap between the different states.
We can express fi in terms of the dimensionless function ζˆ that we introduced above, as in
Eq. (3.23). This allows us to extract out all the scales in the problem as follows
〈u|si〉 = i4GMim
2
~2k
ξi (3.28)
〈si|sj〉 = 4G
2MiMjm
4
~4k2d2µiµj
χij (3.29)
where the dimensionless quantities ξi and χij are given by the following
ξi ≡
∫ 2k
µi
0
dpˆ
pˆ
e−d
2µ2i pˆ
2
ζˆ (pˆ) (3.30)
χij ≡
∫ 2k√
µiµj
0
dpˆ
pˆ3
ζˆ
(√
µi
µj
pˆ
)
ζˆ
(√
µj
µi
pˆ
)
(3.31)
Physically, we will mainly be interested in the case in which the probe particle’s wavelength λ =
2pi/k is much smaller than the size of the DM overdensity 1/µi, meaning that the end points of
the integrals can be extended to infinity with good accuracy. Then, for k  µi and assuming the
hierarchy of scales µ1/µ2 is not too large or small, we will see that χij is typically O(1).
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3.4 Special Case Decoherence Rate
Having established the typical size of the contribution from the scattered-scattered overlap 〈si|sj〉,
we would like to estimate the relative contribution from unscattered-scattered 〈u|sj〉 to the deco-
herence rate. To do so let us recall that here we are working under the simplifying assumption of
(ii) which says dµi  1. This means the exponential factor in the integral of ξi suppresses the
integral considerably. To estimate the integral, recall that we are interested in mass densities that
carry no monopole. This means the corresponding Fourier transform δρˆ(pˆ) ∝ ζˆ(pˆ) must vanish in
the pˆ→ 0 limit. Furthermore, for localization, the Fourier transform should involve even (positive)
powers of pˆ only. This ensures the leading power should be (at least) quadratic in pˆ as follows
ζˆ (pˆ) = ζˆ0 pˆ
2 + . . . , small pˆ (3.32)
and typically we will have a prefactor ζˆ0 = O(1). For k  µi the value of ξi is readily estimated as
ξi ≈ ζˆ0
2d2µ2i
(3.33)
This allows us to estimate the contribution to the overlap correction ∆ from unscattered-scattered
relative to scattered-scattered. Let us illustrate this with the i = j = 1 case, giving
(= 〈u|s1〉)2
〈s1|s1〉 ≈
ζˆ20
χ11
1
d2µ21
(3.34)
Since χ11 and ζˆ0 are both O(1) in this regime, this shows that the contribution from unscattered-
scattered is a relative factor of ∼ 1/(dµ)2 compared to the contribution from scattered-scattered.
Since the above analysis is only valid in the regime (ii) d  1/µ, this means we can ignore this
contribution, and it is only the scattered-scattered piece that contributes.
Then inserting Eq. (3.26) into the first line of Eq. (2.14) (with λ = 1 and noting that the second
line is ignorable), we find that the correction to the overlap wave function has the following form
in terms of cross-sections
∆0 =
1
2pid2
[
1
2
σ11 +
1
2
σ22 −<σ12
]
(3.35)
where we have written ∆ → ∆0 with a subscript 0 to indicate that this was done for zero impact
parameter b = 0. For the case at hand of gravitational scattering, the form that makes the scales
in the problem manifest (recalling that χij is typically O(1)) is the following
∆0 =
2G2m4
~4k2d2
[
M21
µ21
χ11 +
M22
µ22
χ22 − 2M1M2
µ1µ2
χ12
]
(3.36)
Now we would like to include the contribution from non-zero impact impacter b. Since the
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Gaussian wave packet is very large in the present analysis d 1/µ and d L (see next subsection
for a more general treatment), we can say that the probability that the particle passes through the
overdensity is given by the square of the wave function at closest approach r = b. This means
∆b = ∆0
|ψ(b)|2
|ψ(0)|2 = ∆0 e
−b2/(2d2) (3.37)
The integral over impact parameter is then very simple, giving∫
d2b∆b = 2pi d
2 ∆0 (3.38)
Note that this cancels the factor of 1/(2pid2) in Eq. (3.35). This means the final decoherence rate
from Eq. (2.19) takes on the very intuitive form
Γdec =
1
2
n v [σ11 + σ22 − 2<σ12] (3.39)
This is very closely related to the rate of scattering of particles off a single target Γsc = n v σ
and is similar to decoherence of a single point particle whose center of mass is in a superposition;
see Refs. [41–51]. However the difference is that we are considering the rate of decoherence of a
superposition of two different states for the DM target. We see that it organizes into this nice
generalization (3.39), involving the generalized cross section σij . For the case of gravitational
scattering, we then have
Γdec =
4piG2m4n v
~4k2
[
M21
µ21
χ11 +
M22
µ22
χ22 − 2M1M2
µ1µ2
χ12
]
(3.40)
These are some of our primary results, but they will be generalized in the next subsection.
3.5 General Case Decoherence Rate
Note that the size of the wave packet d has dropped out of the final results above. This makes it
tempting to think that the result is true even if we relax the assumption (ii) d 1/µ, which is in
fact true, as we shall show. However, for greater generality, we will now also relax the assumption
(iv) 1/µ L, allowing a finite separation between the centers of mass, and show that a new feature
appears for the off-diagonal terms σ12.
In the above analysis with d  1/µ we saw that the unscattered-scattered contribution was
ignorable. We have also checked explicitly that it is ignorable in the opposite regime of d  1/µ.
In fact, one can check, using analysis similar to what we present below, that it is irrelevant in any
regime and therefore we can purely focus on the scattered-scattered contribution.
We will now proceed with a much more general analysis, in which we don’t assume (ii), (iii), or
(iv) of Eq. (3.7) (though we will assume d & 1/k so that there is at least some rough localization
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of momenta). This means we return to the general expression for the scattered wave function in
Eq. (3.6). As the primary building block of the decoherence rate, let us now define
Sij ≡
∫
d2b 〈si|sj〉 =
∫
d2b
∫
d3xψ∗si(x, t)ψsj(x, t) (3.41)
which is useful to construct
∫
d2b∆b =
1
2(S11 + S22 − 2<S12) and then Γdec using Eq. (2.19).
For complete generality we can assume that the wave packet is not merely a Gaussian, but has
some momentum distribution of |ψk(q)|e−ib·q, where again the k subscript just indicates it may
have characteristic momentum k. We will also allow the centers of mass of the two parts of the
superposition to be different; we will label their positions Li.
The first order scattering theory, tells us that the integral at large distances may be written as
Sij =
∫
d2b
∫
d3x
∫
d3q
(2pi)3
∫
d3q˜
(2pi)3
e−i(qri−q˜rj)
r2
ei(Eq−Eq˜)t/~ ei((b−Li)·q−(b−Lj)q˜)
× f∗i (q′,q)fj(q˜′, q˜) |ψk(q)ψk(q˜)| (3.42)
where we have defined the distance from the ith center of mass Li to a distant radial point as
ri ≡ |x− Li| ≈ r − xˆ · Li (3.43)
We can now immediately do the integral over impact parameter∫
d2b e−ib·(q−q˜) = (2pi)2δ2(q⊥ − q˜⊥) (3.44)
where q⊥ means the component of the momentum vector that is orthogonal to the central axis,
i.e., q⊥ · k = 0 since the impact parameter vector satisfies b · k = 0. The integral over space can
be partially performed as follows∫
d3x
e−i(q−q˜)r
r2
=
∫
d2Ω
∫ ∞
0
dr e−i(q−q˜)r →
∫
d2Ω (2pi)δ(q − q˜) (3.45)
where we have used the fact that at late times, we know that the full integral is dominated by the
wave packets at large distances from the origin, allowing us to extend the integral over r from −∞
to ∞, which gives a delta-function.
Altogether the above pair of integrals over impact parameter b and radius r give the 3-
dimensional delta function
(2pi)3δ2(q⊥ − q˜⊥)δ(q − q˜) ≈ (2pi)3δ3(q− q˜) (3.46)
where we have used the fact that if q⊥ = q˜⊥ and q = q˜, then we must have q‖ = q˜‖ or q‖ = −q˜‖.
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But so long as we have any reasonable localization of the wave packet, we will need q ≈ q˜ ≈ k
and therefore we can ignore the option where the parallel momenta are opposite; this option will
be exponentially suppressed.
We can then immediately do the integral over q˜, giving
Sij =
∫
d2Ω
∫
d3q
(2pi)3
f∗i (q
′,q)fj(q′,q) |ψk(q)|2e−i(q−q′)·Lij (3.47)
where Lij ≡ Li−Lj is the separation vector between the ith and jth parts of the superposition (so
L11 = L22 = 0 and only L12 can be non-zero). The presence of the vector Lij between the centers of
mass breaks the axisymmetry of the problem, leaving this moderately complicated expression. We
can proceed by noting that we expect the probe particles to be moving isotropically with central
wavevectors k having uniformly distributed orientations (this may not be exactly applicable for
DM near the earth, where the atmosphere of the earth picks a preferred direction relative to the
cosmic wind, but it will suffice for our purposes). Hence we average over the direction of k and
define
〈Sij〉kˆ ≡
1
4pi
∫
d2Ωk Sij(k) (3.48)
This averaging only affects the |ψk(q)|2 factor in Eq. (3.47) giving the function Pk(q) ≡ 〈|ψk(q)|2〉kˆ
which only depends on the magnitude of the wavevectors k = |k|, q = |q|.
We can then perform the integral over d2Ωq (the angular part of d
3q) to obtain an even more
general form for the generalized matrix of cross sections
σ˜ij(q) ≡
∫
d2Ω f∗i (q, θ)fj(q, θ) j0(2qLij sin(θ/2)) (3.49)
where j0(z) ≡ sin(z)/z is the sinc-function and Lij ≡ |Lij |. Note that σ˜11 = σ11 and σ˜22 = σ22,
since j0(0) = 1, matching what we defined earlier in Eq. (3.27) (here evaluated at q rather than k).
While the off-diagonal term σ˜12 differs from σ12 if we have a non-zero separation in the centers of
mass L = L12.
Altogether this gives the final result
〈Sij〉kˆ =
1
2pi2
∫ ∞
0
dq q2 σ˜ij(q)Pk(q) (3.50)
Hence the (angle-averaged) Sij is the average value of the generalized cross section, weighted by
the wave packet’s momentum distribution. If we now assume that the distribution is well localized
in momentum space (i) ∆k  k, then the total cross section can be taken outside of the integral.
We then obtain
〈Sij〉kˆ ≈ σ˜ij(k) (3.51)
Having established this result, we can insert this into Eqs. (2.14, 2.19) and we obtain a gener-
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alization of the earlier results for the decoherence rate in Eqs. (3.39, 3.40) with the replacements
σij → σ˜ij and χij → χ˜ij defined accordingly as
χ˜ij ≡
∫ 2k√
µiµj
0
dpˆ
pˆ3
ζˆ
(√
µi
µj
pˆ
)
ζˆ
(√
µj
µi
pˆ
)
j0(Lij
√
µiµj pˆ) (3.52)
(note χ˜11 = χ11 and χ˜22 = χ22). Now our results are in much greater generality, as they are
independent of whether the wave packet size d is larger or smaller than the size of the potential
1/µ, they incorporate the integration over impact parameter rigorously, and they allow for a finite
separation between the centers of mass L.
4 Application to Dark Matter
In this section, we take the DM to be light bosons, whose best motivated examples are axions [57–63]
and axion-like particles [64]. In this case the DM particles can be extremely light, which gives
rise to rather large de Broglie wavelengths, high occupancy states. If they evolve into quantum
superpositions, then they would be macroscopic Schro¨dinger-cat-like states. We then use ordinary
matter probe particles in either the galactic halo or the earth’s atmosphere to act as its environment.
4.1 Mass and Length Scale Parameterization
The size of the statistical overdensities in the axion field is set by the typical de Broglie wavelength
of the axion
λdB ≡ 2pi~
mava
(4.1)
where ma and va are the axion mass and the typical speed of the axion in the galaxy, respectively.
The characteristic width of the overdensity 1/µi for statistical fluctuations is plausibly of order the
de Broglie wavelength. We will parameterize it by the dimensionless parameter βi, defined through
1/µi = βi λdB (4.2)
Similarly, the characteristic density of a statistical overdensity is of the order of the typical dark
matter density itself ρDM. We can parameterize the corresponding mass by a dimensionless param-
eter αi, defined through
Mi = αi
4pi
3
ρDMλ
3
dB (4.3)
Finally, the distance between the superpositions L depends on more detailed dynamics. We can
parameterize the distance between the centers of mass L in terms of the widths of the DMSCS
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profiles and another dimensionless parameter γ as
L = γ/
√
µ1µ2 (4.4)
This leads to multiple forms for the superposition, which we organize as options (I), (II), (III)
(though a general combination of possibilities is allowed).
(I) One possible superposition is that we fix the density to be the galactic value, meaning that
both the size and mass are dictated by the same parameter βi. This means we set αi = β
3
i . Here
we also choose to set the two states to have the same center of mass L = 0; so the two states are
characterized entirely by β1 6= β2.
(II) Alternatively, we may choose to examine the case where the length scales for both states
are the same (µ ≡ µ1 = µ2), in which case there is only one β, and again the same center of mass
L = 0. Then the states are purely distinguished by their mass parameters α1 6= α2.
(III) Finally, we can consider the case where both the mass and sizes are the same (M1 = M2,
µ ≡ µ1 = µ2), and the superpositions are simply distinguished by a non-zero separation between
their centers of mass L. The superposition is then specified by the value of γ = Lµ.
Also, for the sake of clarity, to describe probe particle properties, we will replace n → np,
v → vp, m → mp, k → mpvp/~ in our earlier formulae. We can also write the number density of
probe particles in terms of mass density as np = ρp/mp.
A form for the mass distribution must be specified to calculate ∆ precisely. For the DMSCS,
we can choose a variety of mass distributions so long as they result in Newtonian potentials that
have a finite range of support (scale 1/µi). In terms of the above parameters and the integrals χij ,
the decoherence rate is given by
Γdec =
214pi11G2~6mpρ2DMρp
9m8av
8
avp
β1β2 α1α2X (4.5)
where we have introduced a dimensionless function X that is in general a function of the relative
mass, size, shape, and separation of the two parts of the superposition, it is given by
X =
β1α1
β2α2
χ11 +
β2α2
β1α1
χ22 − 2χ˜12(γ) (4.6)
Unless we take extreme cases, then X is often an O(1) number.
In case (I), X depends on only the ratio β1/β2 and choice of distribution as follows
(I) X =
β41
β42
χ11 +
β42
β41
χ22 − 2χ12 (4.7)
In case (II), where µ = µ1 = µ2, and the mass is distinguished by the parameters α1, α2, the
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function X is given by
(II) X = χ
(√
α1
α2
−
√
α2
α1
)2
(4.8)
Finally, in case (III), where µ = µ1 = µ2 and M1 = M2 and the mass is distinguished by its
separation in center of mass L, the function X is given by
(III) X = 2(χ11 − χ˜12(γ)) (4.9)
where χ˜12(γ) depends on the ratio of separation L to size 1/µ.
We note that for sufficiently tiny axion masses, we will eventually obtain a large value of ∆.
In such a regime the perturbative analysis is breaking down. In Figure 2 we plot the case of zero
impact parameter ∆0, as it is largest. For small probe particle wave packets, this is given by
Eq. (3.36) with the interchange 1/d2 → (2µ)2 for the upcoming Gaussian density profile (discussed
in Section 4.2). As the plot shows, for the parameters of interest discussed in the following sub-
sections, this breakdown does not occur, i.e., ∆ satisfies ∆ 1 (in the figure we have set M2 = 0,
so ∆ = 〈s1|s1〉/2 and is therefore a direct test of the validity of perturbation theory). This self-
consistently means that each probe particle is traveling in a nearly straight line, almost completely
unperturbed, except for an extremely tiny deflection, reflection, and time delay. Since there is
inevitable spreading of the wave function, the overlap is constant at late times.
4.2 Example Density Distributions
We now use these results to determine the decoherence rate of the DMSCS in the halo of the galaxy
and at the earth. The shape of the overdensity must be specified for a precise quantitative result;
however we shall see that our results are relatively insensitive to this choice.
As discussed in Section 3.2 there are some basic conditions that the mass distributions are
expected to satisfy so as to be the most robust against decoherence and therefore of the most
interest. We can summarize these properties as (i) being localized, (ii) having a vanishing monopole,
and (iii) being spherically symmetric. Note that together these imply all multipole moments vanish.
Two illustrative examples of density distributions that exhibit these properties are a “Gaussian”
profile (∼ e−µ2r2) and a “Yukawa” profile (∼ e−µr), as follows
δρG(r) = Mµ
3
(
1− 2µ
2
3
r2
)
e−µ
2r2 (Gaussian) (4.10)
δρY (r) = Me
−µr
(
δ3(x)− µ
2
4pir
)
(Yukawa) (4.11)
(and the centers can be shifted to Li as appropriate). The Gaussian case is rather more realistic, as
the distribution is smooth. The Yukawa case is rather unrealistic as it has a delta-function piece,
which is not typical of light axion DM which has a large de Broglie wavelength, and also becomes
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Figure 2: The wave function perturbation ∆0 (at zero impact parameter) as a function of DM
particle mass ma (with β1 = 1/(λdB µ1) = 1 and M2 = 0, so ∆ = 〈s1|s1〉/2). The blue curve
is for probe particles of protons (hydrogen), as relevant to the halo, while the green curve is for
probe particles of N2 molecules, as relevant to the earth’s atmosphere. Further details are explained
ahead in Section 4.3. The fact that ∆0  1 means that we can self-consistently use the perturbation
theory that we have employed in this work.
very negative. Nevertheless, they will both be useful to illustrate the basic ideas, and despite their
apparent large differences, the final results will turn out to be similar.
The details of the calculations involving each of these mass distributions, which amount to
computing the integrals χij , are given in Appendices A.2 and A.3. In this section, we summarize
the results. Their dimensionless Fourier transforms are readily found to be
ζˆG(pˆ) =
pi3/2
6
pˆ2 e−pˆ
2/4 (Gaussian) (4.12)
ζˆY (pˆ) =
pˆ2
1 + pˆ2
(Yukawa) (4.13)
Note that in both cases the Fourier transforms vanish as pˆ → 0, since there is no monopole, and
they are both analytic in powers of pˆ2, since the source is localized, as we mentioned earlier in
Eq. (3.32) (we see ζˆ0G = pi
3/2/6 and ζˆ0Y = 1, which are O(1) as anticipated).
For these distributions, we can compute the function X explicitly. In case (I), we use the
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definitions in Eqs. (3.31,4.7) and find the explicit form of this function for k  µ is
(I) XG =
pi3
36
(
β41
β42
+
β42
β41
− 4β2β1
β22 + β
2
1
)
(Gaussian) (4.14)
(I) XY =
1
2
β41
β42
+
1
2
β42
β41
−
2β2β1 ln
(
β1
β2
)
β21 − β22
(Yukawa) (4.15)
One can check that, up to an overall numerical factor of pi3/18 ≈ 1.7, the value of the function X
is almost the same for each potential, and thus the decoherence rate is not very sensitive to the
choice of the density distribution. Note that for β2 ≈ β1 we can approximate the X function as
(I) X ≈ a(β1 − β2)
2
β2
, (for β2 ≈ β1) (4.16)
where a is a pre-factor depending on the distribution: aG = 17pi
3/36, aY = 49/6. So, naturally, the
corresponding decoherence rate will descrease (quadratically) as we take the two DM states closer
and closer to each other.
Also, recall that in case (III), the dimensionless separation γ = Lµ plays a central role. By
using Eqs. (3.52,4.9) the function X is given in terms of γ as follows
(III) XG =
pi3
18
(
1−
√
2
γ
D+
(
γ√
2
))
(Gaussian) (4.17)
(III) XY = 1−
√
pi
2
G2,10,1
(
γ2
4
∣∣∣∣∣ 00 1 −12
)
(Yukawa) (4.18)
where we have written the answers in terms of D+, the so-called Dawson’s integral function, and
G, the so-called MeijerG function. For small separations, γ = µL  1, we can expand these to
obtain
(III) X ≈ c γ2 , (for γ  1) (4.19)
where c is a pre-factor. In the Gaussian case it is given by cG = pi
3/54. While in the Yukawa
case it is in fact not analytic; it is given by cY = (3 ln(1/γ) + 4 − 3g)/9 (where g ≈ 0.577 is the
Euler-Mascheroni constant). This logarithm is presumably an artifact of the spike at the center of
the Yukawa distribution and is not expected to be present for smooth distributions.
4.3 Quantitative Results
We now quantify the decoherence rate of Eq. (4.5) applied to the Gaussian potential using Eq. (4.14).
The results differ for the Yukawa potential by an overall factor pi3/18 ≈ 1.7, and thus the results
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are very similar. The local DM density in the milky way galaxy is taken to be
ρDM ≈ 0.4GeV/c
2
cm3
(4.20)
(for a review, see Ref. [65]). A characteristic speed of particles is the galactic rotation speed at the
solar circle of v0 ≈ 220 km/ s [66] and so we take va ≈ v0.
In displaying our upcoming results, we will often make reference to a representative mass for
the axion of ma = 10
−6 eV/c2. In the particular case of the QCD axion, the relic abundance from
the misalignment mechanism in the pre-inflationary scenario is known to be
Ωa h
2 ≈
(
10−6 eV
ma c2
)1.165
Θ2i (4.21)
(for a brief summary, see [67]), where Θi is the initial misalignment angle, which can be O(1)
or smaller. Hence one often considers axion masses of ma ∼ few × 10−6 eV/c2 as plausible DM
candidates, though lighter values of ma are allowed if Θi is small. In the post-inflationary scenario,
moderately higher values of ma are preferred due to the production of axion-strings (and Θ
2
i gets
averaged to an O(1) number). In general, though, the possible value of generic axion masses,
including string theory axions and axion-like particles, can span orders of magnitude. In any case,
we write the characteristic mass and length scales as
Mi ∼ 1016 GeV/c2
(
10−6 eV
ma c2
)3
αi, µ
−1
i ∼ 2 km
(
10−6 eV
ma c2
)
βi (4.22)
Now, as for the probe particles, we take them to be the diffuse free protons (hydrogen) which
co-exist with the DM throughout the galaxy. The mass of the proton is mp = 0.938 GeV/c
2, and
we will take the speed of diffuse protons to also be set by the typical galactic speed vp ≈ v0.
More precisely, we could integrate our result over a Maxwell velocity distribution for vp, but since
Eq. (4.5) only scales as a single power of 1/vp, this only leads to a small correction. Since we
know ordinary matter only comprises a fifth as much as the DM total density, we set the proton
(hydrogen) density in the halo to be
ρp ≈ 0.2 ρDM (4.23)
(although the exact value would vary depending on how far out from the galactic disk one is
considering). One could also use galactic photons as probe particles, although this would require a
relativistic analysis. Naively, in this case the result in Eq.(4.5) should be just altered by mpρp/vp →
Eγργ (c = 1), which is much smaller.
Putting all this together, if we take (I) β1/β2 = O(1), or (II) α1/α2 = O(1), or (III) L & 1/µ,
so that in each case there is an O(1) difference in the mass distribution of the DM states, we finally
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Figure 3: The (inverse) decoherence rate is given in seconds for a dark-matter-Schro¨dinger-cat-
state (DMSCS) as a function of DM particle mass. (The case of the Gaussian density distribution
is plotted, but it differs from the Yukawa result by an O(1) amount.) The mass distribution in
the superposition is case (I) with β1 = 3/4 and β2 = 5/4. However, if we choose case (II) with
β1 = β2 = O(1) and α1,2 differentO(1) numbers, or case (III) with β1 = β2 = O(1), α1 = α2 = O(1)
and L & 1/µ, the results are similar. Solid blue curve is for the galactic halo: The probe particles
are taken to be protons (hydrogen) with density taken to be the typical matter density in the halo.
Solid green curve is for the earth’s atmosphere: The probe particles are N2 molecules with density
taken to be the density of air near the Earth’s surface (∼ 1 kg/m3). The black dashed line shows
the current Hubble rate H0, the red dashed line shows the coherence rate of the classical axion
field mav
2
a/(2pi~), and the purple dotted line shows the rate at which a DMSCS would escape the
atmosphere.
obtain a decoherence rate of
Γdec ∼ 10−20 sec−1
(
10−6 eV
ma c2
)8
β2α2 (galactic halo) (4.24)
This result is clearly very sensitive to the mass of the axion as it scales with m−8a . So depending on
the choice of mass, the lifetime of the superposition state can be microscopic or it can be relevant
on astrophysically long timescales. We find that to obtain a decoherence rate that is slower than
the current Hubble rate H0 (dashed black line), one would need to assume the axion mass to be
ma & 5× 10−7 eV/c2 (βα)1/4, which is in fact quite reasonable for the QCD axion. Figure 3 shows
the relationship between the axion mass and the (inverse) decoherence rate as the solid blue curve,
26
while the current Hubble rate H0 is the dashed black curve.
For relevance to experimental searches for axions on earth, the DM sees an environment of much
higher density provided by the atmosphere of the earth. For this we know the density is
ρp ≈ 1 kg/m3 (4.25)
Here the relevant probe particles are atmospheric molecules, which are mainly nitrogen N2. This
enhancement in density and mass of the environment leads to much faster decoherence, and is given
by the solid green curve in Figure 3. The corresponding decoherence rate is
Γdec ∼ 103 sec−1
(
10−6 eV
ma c2
)8
β2α2 (atmosphere) (4.26)
One of the relevant timescales to compare to for earth based experiments is the axion’s own classical
field coherence time. This arises due to the fluctuations in the axion’s frequency over time ∆ω ∼
ma v
2
a/~ due to the fact that it has a virialized spread of velocities in the galaxy. This is given by
tcoh ∼ 2pi~
mav2a
(4.27)
In Figure 3 this is indicated by the dashed red curve. For the quantum decoherence rate in the
atmosphere to be slower than the classical coherence time, we find that ma & 10−6 eV/c2 (βα)2/9.
We note that in case (I) the decoherence rate depends on the choice of βi quite sensitively. The
closer the ratio of the βi is to 1, the smaller is the decoherence rate. Setting β1 = 1, the (inverse)
decoherence rate is plotted against β2 in Figure 4 (left), which shows that the decoherence rate
can be made quite small or large with different values of β2. A value of β2 near 1 represents a
superposition state which is very subtle, and therefore decoheres slowly (see Eq. (4.16)), while a
value of β2 that differs significantly from 1 is a superposition that is more noticeable and thus
decoheres more quickly.
Similar behavior occurs in case (II) as we take the masses closer to each other, with X ∝
(
√
α1/α2 −
√
α2/α1)
2, but we do not plot that here for the sake of brevity. Moreover, we note
that in case (III) the decoherence depends sensitively on the separation γ = Lµ. This is seen in
Figure 4 (right). For close separations of otherwise identically shaped objects, the decoherence is
slow (see Eq. (4.19)), while at large separations it approaches a constant value, which is the usual
scattering rate Γdec → nσ v.
4.4 Time Dependence
Note that a DMSCS is only expected to quickly pass through the atmosphere as it moves through
the galaxy. So the enhanced rate of Eq. (4.26) will only apply briefly. For example, a DMSCS
traveling at a relative speed of 220 km/sec for 1000 km through the atmosphere takes only ∼ 5 sec.
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Figure 4: The (inverse) decoherence rate is given in seconds for a dark-matter-Schro¨dinger-cat-state
(DMSCS) as a function of properties of the state. Left: Case (I) Horizontal axis is size and mass
parameter β2 = 1/(λdBµ2), with β1 = 1/(λdBµ1) = 1, αi = β
3
i , and the same center of mass L = 0.
Right: Case (III) Horizontal axis is center of mass separation γ = Lµ with β1 = β2 = α1 = α2 = 1.
The meaning of the curves are the same as in Figure 3. The DM particles (axions) are taken to
have a mass of ma = 10
−6 eV/c2; for other values of ma, one simply re-scales the decoherence
rates by (10−6 eV/(ma c2))8 and re-scales the classical coherence rate by (ma c2/(10−6 eV)). Left:
it can be seen that the choice of β2 has a significant impact on the decoherence rate. A large
difference between β1 and β2 corresponds to a superposition of very different macroscopic states,
which decoheres more quickly, while a small difference corresponds to a superposition of very similar
states, which decoheres more slowly Γdec ∝ (β1−β2)2; see Eq. (4.16). Right: For small separations,
there is naturally a slow rate of decoherence Γdec ∝ γ2; see Eq. (4.19). For large separations
L 1/µ the rate approaches a constant.
Hence one also needs Γdec & 0.2 sec−1 for the rate in the atmosphere to be relevant. This is given
by the purple dotted line in the figures. Also note that for a DMSCS that passes through the earth
(not just tangentially through the atmosphere), then the earth itself can act as the probe. However
since its mass is so huge, we cannot ignore the back-reaction and the above analysis is not directly
applicable.
An important issue is that there can be significant spreading in the size of the overdensity. It
is well known that a Gaussian wave packet, that has an initial size µ−10 , spreads according to
µ−2(t) = µ−20 +
~2t2µ20
m2a
(4.28)
We note that while this is often applied to individual particle wave packets, it applies equally well
to the axion field, which also obeys the non-relativistic Schro¨dinger equation to first approximation.
Since the decoherence rate Γdec ∝ µ−2 (recall Eq. (3.40)), the rate grows over time. If the initial
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decoherence rate, when µ = µ0, is Γdec,0, then the decoherence time tdec (from Eq. (2.20) is the
solution to
tdec +
~2µ40
3m2a
t3dec = 1/Γdec,0 (4.29)
If we choose the initial value of µ0 to be µ0 ∼ λdB, as we did earlier, then the decoherence time
in case (II) is plotted in Figure 5. For sufficiently small axion masses, the decoherence time is simply
tdec ≈ 1/Γdec,0, since there is very little time for spreading. However for larger axion masses, the
decoherence time is tdec ≈ (3m2a/(~2µ40 Γdec,0))1/3, which shortens the decoherence time appreciably.
For a DMSCS that is passing through the earth’s atmosphere, there is a relatively small window
in masses in which this spreading is important, beyond which it leaves the atmosphere too quickly.
However, in the galactic halo, there is no such upper limit. Hence a spreading configuration will
always decohere within the current age of the universe (unless we go to very high axion masses).
Note that this spreading effect is not always as we described above. In particular, consider
case (III), where the superposition is decribed by some separation between the center of masses
L. Recall that the relevant dimensionless parameter is γ = Lµ. So as µ−1 increases in time due
to the spreading, then the parameter γ = Lµ may change too. If we consider the case in which
the separation L is independent of time, then γ will decrease in time. Since X ∝ γ2 = (Lµ)2 for
small γ (ignoring possible logarithmic corrections), this leads to a rate that becomes essentially
time independent. This leads to a decoherence time that is roughly estimated as tdec ≈ 1/Γdec and
is therefore similar to the results of Fig. 3.
4.5 Boson Stars
Let us now comment on other interesting macroscopic structures; namely a Bose-Einstein conden-
sate (BEC). These can emerge when large numbers of DM light scalar particles condense under the
right conditions. Interestingly, some authors suggested that the condensate is extremely quantum
mechanical and cannot be properly described using classical field theory [68,69].
More specifically, the BEC turns out to be a gravitationally bound object of condensed scalars
(axions) that arise from balancing the inward gravity against the kinetic pressure of a scalar field.
These are sometimes called “boson stars”, see Refs. [70–86]. On the main branch of stable solutions,
the mass of the star M and its radius R are inversely related as
M ∼ ~
2
Gm2aR
(4.30)
Suppose they too were to organize into a DMSCS. Such objects will invariably carry a significant
monopole (which is the mass M) and so our analysis here is not directly applicable, as there would
formally be a divergence in the forward scattering direction. Furthermore, there can be large
gravitational bending so that even a single probe particle could decohere a superposition of such
states. To be quantitative, we can use our estimates in this work as a type of lower bound on
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Figure 5: The decoherence time is given in seconds for a dark-matter-Schro¨dinger-cat-state (DM-
SCS) as a function of DM particle mass, where we take into account the effect of spreading of the
size of the state over time. This is for case (II) with α1 = 4/3 and α2 = 2/3, γ = 0, and initial
value for widths β10 = β20 = 1, i.e., the initial size is µ
−1
0 = λdB. We fix the masses, but allow the
size to spread according to Eq. (4.28). The corresponding decoherence time is Eq. (4.29).
the actual decoherence rate of such objects. If we return to Eq. (3.40), take µ ∼ 1/R, χ ∼ 1, use
Eq. (4.30), and using the galactic protons as a probe, we obtain the bound (dropping O(1) numbers
here)
Γdec &
~2mpρp
vpm4a
∼ 1021 sec−1
(
1 eV
ma c2
)4
(4.31)
(one also needs R 100 km (1 eV/ma)2 for ∆ 1). Hence, unless the axion mass is ma  1 eV/c2,
the decoherence rate for boson stars is very rapid. This ensures that they are indeed very classical
objects, which reinforces earlier work, including some of our own [39,40].
5 Discussion
In this paper, we have computed the rate of gravitational decoherence of DM in a quantum super-
position. In particular, we considered the case of a superposition of two mass densities, and we have
shown that such a Schro¨dinger-cat-like state has the potential to survive on astronomically relevant
timescales depending on parameters, especially the DM particle (axion) mass. The DMSCS was
modeled by an overdensity in the background DM of the galaxy surrounded by an underdensity,
such that the total perturbation has zero mass (no monopole). For a spherically symmetric config-
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uration, this has no multipoles at all and therefore such states are not seen appreciably by distant
particles. Since mass is conserved, this is well defined. For non-spherical harmonics, one anticipates
the rate of decoherence being faster; this decoherence can leave behind the spherical component in
this superposed state, which we have focused on in this work.
We have shown that for a range of typical axion masses, a stochastic perturbation of DM in
the galaxy may indeed be in a coherent quantum superposition for an extended period of time.
Specifically, for a superposition of overdensities whose mass distributions differ by an O(1) amount
(either size, mass, or location of center of mass), and whose size and mass is set by the typical
galactic de Broglie wavelength and density, we found that an axion particle mass of ma ≈ 5 ×
10−7 eV/c2 corresponds to a decoherence rate of axions in the galactic halo of the current Hubble
rate H0. Moreover, we found that near the surface of the earth, an axion mass of ma ≈ 10−6 eV/c2
corresponds to a decoherence rate comparable to the classical field’s coherence rate, which is often a
relevant timescale in ground-based experiments. Interestingly, in standard axion models, very light
axion masses that are within a couple of orders of magnitude of these values are typical benchmark
values as DM candidates.
Furthermore, when spreading of the DMSCS is included, the rate of interactions can increase in
time. This occurs, unless the only difference in the states is a fixed separation in center of masses.
We found that with spreading, larger axion masses have a significantly faster decoherence rate,
indicating that decoherence would eventually take place on a time-scale shorter than the current
age of the universe. We also applied our results to DM BECs, which are boson stars, finding rapid
decoherence and firmly establishing that they can be treated using classical field theory.
We have focused our attention on only the leading order correction to the wave function of
the probe particle, provided by the superposition of DM states. However, the probe particles can
scatter off one another and other particles, which we have not taken into account. In the galactic
halo, this scattering is very rare, as the mean free time is known to be extremely long, so we do
not believe this will be important. However, near the surface of the earth, the probe particles
(molecules) are rapidly scattering with one another. This may alter the decoherence rate; we leave
this for further investigation. Also, we have focussed here on ordinary matter causing decoherence
of the axion DM quantum states, but in principle the diffuse DM axions can do it themselves. To
define this, one could trace out, say, high momentum axions, and study the reduced density matrix
of the remaining low momentum axions.
Moreover, we have focused our attention purely on the ability of gravity to decohere the state.
In the specific case of otherwise decoupled axions, we saw this can lead to long decoherence times
with relatively natural choices for the axion mass. For the particular case of the QCD axion,
one should also explore whether its non-gravitational interactions may also play a role in leading
to decoherence. Microscopic models [88–92] usually involve dimension 5 operators that couple
the axion to gauge bosons, ∼ gaγγφFµνF˜µν , as well as to fermions ∼ gaff∂µφψ¯γµγ5ψ. These
interactions may also lead to decoherence and deserve investigation.
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Though we have shown that the superposition state of the DM may survive for observationally
interesting timescales, one may wonder about the possibility for such a state to exist in the first
place. To estimate the natural rate of formation for the superposition state, one can determine a rate
of the evolution of the fluctuations in the axion field; related work includes Refs. [39,68,69,84,87].
By considering the evolution of the axion field in the non-relativistic limit, an interaction rate can
be estimated. It would be interesting if interactions can lead to appreciable spreading of wave
functions, as is often the case due to chaos. By making simple estimates for the spreading rate
for the configurations discussed in the previous sections, our decoherence rate results indicate that
the spreading of the axion wave function is slower than its decoherence, rendering the state always
classical. We note that if instead the Schro¨dinger-cat state comes about from some other, quicker
dynamical process, then the timescale of decoherence may be considered relatively large, and such
a state may exist for a long time. In the future, the mechanism and likelihood of the formation of
such Schro¨dinger-cat states should be explored in detail.
Further, the observational signatures and implications of these states have yet to be considered.
Since some properties of Schro¨dinger-cat states at high occupancy can often be modeled using
classical ensemble averaging [40], any direct observational consequences are far from clear. One
may need to construct and measure some novel correlation functions of non-commuting operators.
We leave all these issues for future consideration.
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A Supplementary Material
A.1 Scattered Wave Function
The full time dependence of the scattered wave function at large radii, assuming a very wide wave
packet, is provided by the following function
ϕs(r, t) ≡ 1
4d2k
[ (
2d2k + ir
)
e
m(2d2k+ir)
2
4d2m+2i~t
(
Erf
 2d2k + ir√
4d2 + 2i~tm
+ 1)
+
(
2d2k − ir) em(2d2k−ir)24d2m+2i~t Erfc
 2d2k − ir√
4d2 + 2i~tm
] (A.1)
where “Erf” and “Erfc” denote the error function and conjugate error function respectively.
A.2 Gaussian Profile
Here we provide some additional details of the calculation of the wave function overlap for a
Gaussian overdensity followed by underdensity. The density profile is given below, along with the
resulting Newtonian potential, Fourier transform, and scattering amplitude.
δρG(r) = Mµ
3ζG(µr), with ζG(xˆ) =
(
1− 2
3
xˆ2
)
e−xˆ
2
(A.2)
ΦN,G(r) = −2pi
3
GMµe−µ
2r2 (A.3)
ζˆG(pˆ) =
pi3/2pˆ2
6
e−
pˆ2
4 (A.4)
fG(k, θ) = f
(1)
G (k
′,k) =
pi3/2
3
GMm2
~2µ2
e−
pˆ2
4 (A.5)
Now, following the integrals of Section 3.3, we can compute the individual parts of the overlap
of the wave functions that scatter off of this Gaussian potential. By focusing on the physically
important case of k  µ, we find
χij =
pi3µiµj
18(µ2i + µ
2
j )
(A.6)
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A.3 Yukawa Profile
Here we repeat the details of the above appendix, but for the case of a density profile that gives
rise to a Yukawa potential. The details are as follows
δρY (r) = Mµ
3ζY (µr), with ζY (xˆ) =
(
δ3(xˆ)− 1
4pixˆ
)
e−xˆ (A.7)
ΦN,Y (r) = −GM
r
e−µr (A.8)
ζˆY (pˆ) =
pˆ2
1 + pˆ2
(A.9)
fY (k, θ) = f
(1)
Y (k
′,k) =
2GMm2
~2µ2
1
pˆ2 + 1
(A.10)
Computing the integrals of Section 3.3, and taking once more k  µ, we find
χij =
µiµj log
(
µi
µj
)
µ2i − µ2j
(A.11)
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